Teleportation of atomic states via position measurements 
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We present a scheme for conditionally teleporting an unknown atomic state in cavity QED which 
requires two atoms and one cavity mode. The translational degrees of freedom of the atoms are 
taken into account using the optical Stern- Gerlach model. We show that successful teleportation 
with probability 1/2 can be achieved through local measurements of the cavity photon number and 
atomic positions. Neither direct projection onto highly entangled states nor holonomous interaction- 
time constraints are required. 
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I. INTRODUCTION 

Quantum entanglement, maybe the most intriguing 
feature of quantum mechanics [l| , is a powerful resource 
for quantum information processing tasks ■ 

An outstanding application of entanglement is the tele- 
portation of an unknown qubit, the unit of quantum in- 
formation, between two systems. In the seminal paper by 
Bennett et al. [3(, a quantum state is transferred from 
qubit A to qubit B using an ancilla, e.g. a third auxiliary 
qubit C. Qubits B and C are initially prepared in an en- 
tangled state. A Bell measurement on A and C is then 
made. Depending on the outcome of such measurement, 
a suitable unitary transformation on B is performed in 
order to reconstruct the initial quantum state of A. Tele- 
portation is successful with probability 1 . Soon after the 
proposal by Bennett et al., quantum teleportation has 
received considerable attention culminated in its experi- 
mental demonstration in a number of works [4|, [5|, la 111] • 

Cavity QED systems - where Rydberg atoms couple to 
the quantized electromagnetic (e.m.) field of a supercon- 
ductive cavity [8| - have received considerable attention 
during the last years @ . Cavity QED systems have been 
proposed for implementing teleportation protocols of in- 
ternal quantum states between atoms, a task which is 
particularly attractive especially after its experimental 
proof for trapped ion systems [10| . Generally speaking, 
in such cavity QED schemes a quantum internal state 
is teleported between two atoms via coherent interaction 
with cavity field modes and/or auxiliary atoms which act 
as quantum channels. 

Quite recently, efforts have been done for achieving 
tele por tation without direct projections onto Bell states 
[TTI. Il2l. Il3l . [T3 . [ItJ ■ In particular, Zheng has proposed a 
scheme for approximately teleporting an unknown inter- 
nal state between two atoms which successively interact 
with a cavity mode according to the Jaynes-Cummings 
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Hamiltonian [l3| . The probability of success is 1/4 and 
only measurements of product states are required. Ye 
and Guo have presented another scheme that does not re- 
quire projections onto Bell states and makes use of three 
atoms and a single-mode cavity field out of resonance 
fl4| . The atom-atom coupling via the virtual excitations 
of the cavity field is exploited for teleporting a quan- 
tum state between two atoms with probability of success 
1/2. Ye and Guo presented their work in terms of a 
"no Bell-state measurement scheme" . This parlance was 
later criticized in a comment by Chhajlany and Wjcik 
[l8| who showed how the scheme by Ye and Guo, despite 
its use of local measurements, in fact relies on Bell state 
measurements. Protocols of this sort are indeed more 
properly classified as methods to achieve teleportation 
without requiring direct projections onto Bell states 
Noticeably, both the schemes by Zheng [l3| and Ye and 
Guo [l4| require precise tuning of the atom-cavity field 
interaction time. 

To our knowledge, no cavity QED-teleportation 
scheme has so far accounted for the translational dynam- 
ics of atoms flying through a cavity. Indeed, the spatial 
structure of the quantum e.m. field along the x-cavity 
axis affects the internal dynamics of a flying atom. This 
leads to an atom-field coupling constant which in fact 
depends on the atomic translational degrees of freedom 
along the x-direction. Such circumstance - taking place 
whenever the atomic wavepacket has a width non neg- 
ligible with respect to the field wavelength - has been 
shown to give rise to a number of observable phenom- 
ena such as optical Stern-Gerlach effect [2(| , self-induced 
transparency 1211. modulation of the atomic decay in a 
damped cavity [22] , non-dissipative damping of the Rabi 
oscillations [23. |24|. 

It is clear that the involvement of the translational 
degrees of freedom introduces non-dissipative decoher- 
ence in the atom-field dynamics. Such effect, stemming 
from the entanglement between the atom-field system 
and the atomic translational degrees of freedom, has been 
shown to spoil the non-local correlations between two 
atoms which successively interact with the same cavity 
mode [25|, [2||. Accordingly, the inclusion of the trans- 
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lational dynamics is thus expected to decrease the ef- 
ficiency of those teleportation protocols relying on the 
coherent atom-cavity mode coupling. 

However, a different perspective can be adopted. In- 
deed, one may wonder whether such additional degrees of 
freedom could be fruitfully exploited as a resource for at- 
taining efficient atomic teleportation provided that mea- 
surements of the atomic positions are performed. Ac- 
cording to such a scenario, the atomic translational de- 
grees of freedom play the role of further quantum chan- 
nels able to transfer information between the internal de- 
grees of freedom of different atoms. 

A crucial motivation in the search for such a telepor- 
tation protocol is that, according to the optical Stern- 
Gerlach model, the wavefunction of a two-level atom en- 
tering a cavity generally splits into a set of deflected 
wavepackets, each corresponding to a different atom-field 
dressed state @, [27j . For an increasing atom-cavity in- 
teraction time, such outgoing wavepackets become more 
and more distinguishable up to the point that which-path 
information becomes accessible [24| . This information is 
used in our protocol for attaining conditional transfer of 
quantum information between two atoms which succes- 
sively interact with the same cavity mode. This is indeed 
the central mechanism underlying the physics presented 
in this work. 

In this paper, we consider two atoms which succes- 
sively enter the same cavity in either a nodal or antin- 
odal region of the corresponding field mode. Each atom 
interacts with such mode according to the optical Stern- 
Gerlach Hamiltonian. This can be approximated as a 
linear (quadratic) expansion in the atomic position along 
the cavity axis when a nodal (antinodal) region is consid- 
ered. Both the atoms are assumed to enter the cavity in 
a given minimum uncertainty Gaussian wave packet with 
the target atom and the resonant mode initially in the 
excited and vacuum state, respectively. We show that 
conditional teleportation of an internal atomic state can 
be achieved by local measurements of the atomic posi- 
tions, the cavity photon-number and the internal state 
of the atom whose state is to be transmitted. No direct 
Bell-state measurement is required. We thus prevent the 
projection of our two-atoms system onto highly entangled 
subspaces, therefore avoiding the need of (in general quite 
difficult) joint measurements. This is a major advantage 
of teleportation schemes that do not rely on direct Bell- 
state measurements. Furthermore, at variance with other 
cavity-QED protocols which work without direct Bell- 
state measurements fl3l Il4| , no holonomous constraints 
on the atom-cavity interaction times are required. It only 
suffices that the time of flight of each atom inside the 
cavity is long enough in order for the outgoing deflected 
wavepackets to be distinguished with reasonable approx- 
imation. We show that successful teleportation of an 
atomic state can be attained with probability 1/2. 

This paper is organized as follows. In Sec. [H] we intro- 
duce the system and the Hamiltonian both in the nodal 
and in the antinodal case. In Sec. IIII1 the main part of 



this work, we describe the teleportation scheme. A rele- 
vant property the protocol relies on is the which-path in- 
formation about the outgoing atomic wave packets. The 
conditions allowing this information to be accessible are 
reviewed and discussed in Sec. HVl Finally, in Sec. [V] 
we draw our conclusions. 



II. SYSTEM AND APPROACH 

We consider two identical two-level atoms, labeled 1 
and 2, of mass m and Bohr frequency to. The atoms 
interact in succession with the e.m. field of the same e.m. 
cavity. We assume that the velocity of each atom along 
the z-direction (orthogonal to the x-cavity axis) is large 
enough that the motion along the z-axis is not affected by 
the cavity field and can be treated classically. Denoting 
by a and a) the annihilation and creation operators of 
the cavity field and assuming the resonance condition, 
the free Hamiltonian Hq can be written as 



i=l,2 



Pi 

2m 



(1) 



where - for each atom i — 1,2 - S z ^,S±.i are the 
usual spin-1/2 operators and pi = —ih(d/dxi) is the x- 
component of the momentum operator. In the Rotating 
Wave Approximation, each atom i couples to the cavity 
field according to the interaction Hamiltonian 

H if = hesm{kx t ) (a f 5_,i + aS+, t ) (i = 1,2) (2) 

with k and e standing for the wave number of the e.m. 
mode and the atom-field coupling constant, respectively, 
and where Xi is the ith atomic position operator along 
the cavity axis. 

Hamiltonian ([2]) accounts for the spatial structure of 
the e.m. field along the x-cavity axis. Rigorously speak- 
ing, it should be mentioned that the atom-field coupling 
constant has also a spatial structure along both the y and 
z-axes perpendicular to the cavity axis. Such structure, 
having a gaussian profile of the form exp[— (y 2 + z 2 )/w 2 ] 
(wq cavity waist) [15| . is neglected by the optical Stern- 
Gerlach interaction Hamiltonian (J5J). Concerning the z- 
axis, the large atomic velocity along such direction indeed 
ensures that each flying atom is insensitive to the cavity 
field and thus to its structure along such axis. On the 
other hand, we assume to be in the regime such that 
wo 3> 2ir/k. In this case, it is enough to take into ac- 
count only the x-structure of the e.m. field, assuming a 
uniform spatial dependence on the transversal direction. 
Such a regime is a feasible one given that microwave cav- 
ities having a value of wq ^> 2-it/k are quite common (see 
e.g. [l6| where wq is as large as 6 mm). 

When both the atoms enter the cavity in a nodal re- 
gion of the cavity mode with the width a Xi of their re- 
spective wavepackets small enough compared to 2-7r/fc 
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(&xi <C 2ir/k), Hi can be approximated as a linear ex- 
pansion in the atomic position 



while in an antinodal region it takes the form 



Hi a =He\l 



k 2 xj 



fa T 5_ i + aS- 



(3) 



(4) 



In Eqs. and ([!]), Xi stands for the atomic position 
operator of the ith atom with respect to a nodal point 
and an antinodal point, respectively. 

At time t — 0, atom 1 enters the cavity and interacts 
with the field for a time t-y. At a later time t 2 > t\, atom 
2 enters the cavity and couples to the field state modified 
by the first atom. At time £3 > t% atom 2 exits the cavity. 
At times t > t 3 both the atoms are therefore out of the 
cavity and evolve freely. In the interaction picture, the 
Hamiltonian at all times in a nodal region of the cavity 
field, reads 



only affects the dynamics of atom i. In formulae (from 
now on, whenever unnecessary, the time argument "(i > 
t 3 )" and/or the apex "I" in the evolution operators will 
be omitted) 



U a = U a , 2 ■ U a ,i (a = N, A) 



(8) 



with 
U a ,i = T exp 
U a ,2 = T exp 



?iJo 



Hi(t)dt 
5 Hi(t)dt 



= U a .i(xi,pi,ui), (9) 



where in the right-hand side of both equations we have 
explicitly indicated the operators each U a j depends on 
according to Eqs. (J5]) and J6]). 



III. TELEPORTATION SCHEME 



Hjf{t) = hek(x 1 + —t) fM (0,t 1 )u 1 

1 777 " 



+ hek ( x 2 + — t) Ht(h, h)u2 , (5) 
\ to / 

where we have introduced the atom-field operators Ui — 
a^5_ i + aS + ^i and where the time interval during which 
each atom interacts with the cavity mode is accounted 
for through the function fj, t (t' , t") = 9(t - t') - 6(t - t"), 
9{t) being the usual Heaviside function. 

In an antinodal region of the cavity field, the Hamilto- 
nian in the interaction picture takes the form 



H ! A {t) = he 



he 



1_ y [ X1 + m t 



1 e (~ 

ir 2 m 



jti t (0,ti)tti 
Ht{t 2 ,h)u2 ■ (6) 



Of course, in the time interval [t\, t2\ and for t > t% both 
Hpf(t) and H^(t) vanish since no atom is inside the cav- 
ity. The Hamiltonian operators of Eqs. ([5]) and ([6]) can 
be used to derive the exact dynamics of a given initial 
state of the two-atom-field system at times t > t^. This 
is accomplished through the respective evolution opera- 
tors U*(t > t 3 ) 



Ul(t >t 3 ) =Texp 



Hi(t)dt 



{a = N, A) 



(7) 

with T standing for the time-ordering operator and where 
the second integration bound is due to the fact that H^ = 

for t > t 3 . 

Due to the fact that atom 2 enters the cavity after atom 

1 has come out of it, it is possible to split up U^(t > t 3 ) 
into the product of two evolution operators U^i(t > £3) 
and U* 2 (t > t 3 ) (a = N, A). Each operator U^t > t 3 ) 



We denote the ground and excited states of the ith 
atom by \gi) and | e^} , respectively. Assume that atom 2 
is the one whose initial internal state, say {0:2), is to be 
teleported. Such state is written as 



\a 2 ) 



cos - \e 2 ) 



e^sin|| ff2 ) 



(11) 



with 7? e [0, 7r] and ip e [0, tt]. 

By indicating the Fock states of the cavity field as |n) 
(77 = 0,1,...), we consider the following initial state of 
the system: 

|*(0)) = |vx(0)) |ei> MO)) \a 2 ) |0) , (12) 

where \<pi(0)) (associated with each atom i = 1,2) is a 
Gaussian wavepacket of minimum uncertainty, such that 
the product between the initial position and momentum 
widths fulfills a Xi ■ a Pi = h/2. 

Consider now the usual dressed states of the ith atom 
\xt,i) = (K> l») ± \9i) \n + 1)) /y/2 (n = 0, 1, ...). These 
states are eigenstates of the m operators since \ xt.i) = 
±y/n + 1 \xn,i) (while Ui \gi) |0) = 0). The dressed states 
together with \gi) |0) (i — 1, 2) represent an orthonormal 
basis of the corresponding Hilbert space. It is important 
to notice that Ui commutes with U a .i according to Eqs. ([9] 
and llOp and the corresponding Hamiltonian operators of 
Eqs. ([5]and[6]). It follows that the effective representation 



(n,±) 



of U a ,i, as applied to a dressed state |x n i)) i s 



U, _ 
obtained by simply replacing Ui with ±y/n~- 
© and (HUJ). This yields 



1 in Eqs. 



U^f* =U aii {xi,pi,±yfc+l) (n-0,1,...), (13) 

while the effective representation of C//v,i ~ as applied to 
state \gi) |0) - reduces to the identity operator for both 
the atoms 7 = 1,2. 
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The operators in Eq. ([13]) clearly affect only the atomic 
translational dynamics and therefore allow to define a 
family of atomic translational wavepackets |$ an j) ac- 
cording to 



Kn,)=^ ±) |^(0)), 



(14) 



The procedure for obtaining state IV'fe)) i s detailed in 
Appendix [XJ In what follows, we shall indicate the time 
spent inside the cavity by atoms 1 and 2 with t\ = t2—ti 
and r 2 = t 3 — t2 respectively. The states appearing 
in Eq. (fT6|) fulfill the following important property both 
in the nodal and antinodal case [2J, [25|, l2o | 



such that 



u a Mo))\xti) = \<n,i)\xtA) 



(15) 



Once the time evolution operator (jSJ) is applied to 
1^(0)), the state of the whole system at a time t > £3 
- when both the atoms are out of the cavity - can be 
written in the form (from now on, the index a in the $ 
states will be omitted) 

m 3 )) = |Ao,!> b 2 (0)> \g 2 ) |0) 

+ E E (Ki>K 2 >|x2,2>),(i6) 

n=0,l »)=-,+ 

where the A states of atom 1 are defined according to 



|Ao,i) 



|A± > = 




e^sin|| ei ) 



cos - |ei) 



(17) 



e^sin-|. 9l ), (18) 



(19) 



lim 



n.i vi. % I 



= 0. 



(20) 



Such property, together with the features of the outgoing 
wavepackets i ), is discussed in Sec. HVl 

According to Eq. (|20|) . wavepackets and \&ni) 

exhibit a negligible overlap for long enough times of flight 
Ti . As shown in Refs. [Ifl [26| , times of flight of the order 
of a few Rabi oscillations are sufficient in order to get 
negligible overlapping [28| . 

Such outstanding circumstance makes it possible to 
distinguish the elements of the set of translational states 
il^ni)} through measurements of the atomic positions 
along the x-axis [2!| . 

It is straightforward to show that Eq. (j20|) implies that 
all the terms appearing in (|16[) are orthogonal provided 
that ri and r 2 are sufficiently large. 

Once the dressed states |x^ 2 ) appearing in Eq. (flU]) 
are rewritten in terms of states \g 2 ) \n) and \e 2 ) \n), one 
recognizes the occurrence of cases where measurements of 
the photon number, of the internal state of atom 2 and of 
the positions of the two atoms can make atom 1 collapse 
into the initial internal state of atom 2 [Eq. (jlip] . Namely 
a successful teleportation can take place. For instance, 
the projection of iV'fe)) onto the the cavity field state 
|1) gives 



'(I*£i>+te»(l*i2>-fc» ■& 



cos-|e x ; 



- A cos - \ gi ) 



4 ! ^sin-lsi) | fl2 ) 



|e 2 ) ■ (21) 



This outcome occurs with probability (3 + cos$)/8. As- 
sume now that a further measurement of the internal 
state of atom 2 is made. If the outcome of such measure- 
ment is I e 2 ), atom 1 is projected onto the ground state 
\gi) and thus no teleportation of the initial state of atom 
2 has occurred. The unconditional probability for this 
event is calculated to be (1 + cosi?)/8. 

However, it can be noticed that if atom 2 is found in the 
ground state \g 2 ) a further measurement of the atomic 
positions with outcomes |$o~i) |^o~2) or l^oi) 4q 2 ) 
projects atom 1 into the state \a,\) = cos||ei) + 
e lip sin j |<7i). This means that state |a 2 ) of Eq. pip has 



been in fact teleported into atom 1. 

On the other hand, when the wavepackets |$q 1) l^o 2) 
or |$o 1) 1^02) are f° un d (after that the state \g 2 ) has 
been measured) atom 1 collapses into the state 

K)=cos~| ei >-e^sin|| 9l ) , (22) 

which can be easily transformed into (TTj) through a 180 
degree rotation around the z-axis in order to faithfully 
reproduce the initial state of atom 2 and complete the 
teleportation. Of course, rigorously speaking, the mea- 
surements of the atomic positions do not formally corre- 
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|e 2 > 


;+ 
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Successful 


cosf ei> + e^sinf 






N> 


/+ 

n 


12 


Successful [30] 


cosf ei) -e^sinf |<?i) 





TABLE I: Teleportation measurement scheme. Each case is represented by given outcomes of the number of photons (1 st 
column), the internal state of atom 2 (2 nd column), and the paths along which the two atoms are found (3 th and 4 th columns). 
In the 5 th column it is indicated whether or not teleportation has been successful. If successful, the state onto which atom 1 
is projected (|ai) or \a'i)) is presented (6 th column). If unsuccessful, the associated unconditional failure probability is given 
in the last column. 



spond to projections onto states |$o~i) ano - |^o"i)' How- 
ever, due to the discussed orthogonality of \$ti) ano - 
H$(7j)) sucn translational states can be associated with 
different atomic paths if and l~ . The measurements of 
the atomic positions cause indeed effective projections on 
such paths. 

Note that the above teleportation scheme, conditioned 
to the outcome |<7a) is invariant for a change of each 
if into and vice-versa. This implies that for each 
atom i — 1,2 the labeling of the two paths is arbitrary. 
If both the atoms are found in a path "+" or in a path 
"— ", atom 1 is projected into state (jlip . If the paths of 
the two atoms have different signs, regardless of which 
atom is in which path, state (|2"2"|) is obtained and the 
teleportation process can be finalized once a 180 degree 
rotation on the internal state of atom 1 is applied. 

In a similar way, it turns out that, when the field vac- 
uum state |0) is found, the outcome ^2) cannot transfer 
the initial state of atom 2 into atom 1, while successful 
teleportation is attained when atom 2 is found to be in 



the excited state |e2). As in the case \g2) when the 
atoms are found in the same quantum path (i.e. if and 
if or and I2) the first atom is projected into |cvi). 
Again, when different quantum paths are found (i.e. if 
and I2 or and if) teleportation can be finalized after 
a 180 degree rotation around the z-axis. Due to conser- 
vation of 53j=i 2 ^z,i + o^a, no teleportation is possible 
when the field is found to be in |2). 

All the possible outcomes of the protocol are summa- 
rized in Table [U For each case - corresponding to given 
outcomes of the number of photons (1 st column), the in- 
ternal state of atom 2 (2 nd column) , and the paths along 
which the two atoms are found (3 th and 4 th columns) - it 
is shown whether or not teleportation has been successful 
(5 th column). If successful, the state onto which atom 1 
is projected or \a[)) is presented (6 th column). If 

unsuccessful, the associated unconditional failure proba- 
bility is given (last column) . A schematic diagram of the 
teleportation protocol is presented in Fig. [1] 



The total failure probability, obtained as the sum of the 
unconditioned failure probabilities (last column of Table 
I), is 1/2. Teleportation is thus successful with probabil- 
ity 1/2. 

Remarkably, notice that only local measurements on 
the two atoms and the cavity field are required in or- 
der to complete the teleportation. Direct projections 
onto highly entangled states are therefore avoided in our 



scheme. In Appendix[Bl we develop a more detailed anal- 
ysis of the mechanism behind the scheme. 

Finally, unlike previous cavity QED protocols not re- 
quiring direct Bell-state measurements [TU, [13] , the inter- 
action time of each atom with the cavity does not need to 
fulfill any holonomous constraint. It is only required that 
it is large enough in order for ([2U)l to hold with reason- 
able approximation. It should be noted that a problem 
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FIG. 1: (Color online) Schematic diagram of the teleportation 
protocol. 



Using Eqs. (|23|) and ([24J) , it can be shown that [23|,|2J,|2 

(®n,i\ *iM>(Ti) = exp [-t (2eky/n+lx ,i) n] ■ 
f hek\ ( t} 4m 2 



• exp 



-(n + 1) 



\ m 



8(7? 



8^ 



(25) 



where Xq^ stands for the initial average value of the 
atomic position along the cavity axis. Eq. (|2"5|) clearly 
shows the presence of a damping factor which causes the 
scalar products &ni) *° van i sn a t long times. This 

proves Eq. (f2TJ)) in the nodal case. 

Such behavior, which is at the origin of the non- 
dissipative damping of the Rabi oscillations [H, |24| . 
arises from the increasing distance in the phase space 
[3~fl | of the deflected outgoing components °^ * ne 

incoming wavepacket \ipi(0)) [3^|. To better highlight 
this phenomenon, Eq. (|25p can indeed be rewritten in 
the form [231 ] (from now on, the subscript i will be omit- 
ted for simplicity) 



(*£|*n)M = ex P HO„(r)r]exp. 



8al 



might arise for the implementation of the present scheme 
given that cavity-photon-number measurements typically 
require fine tuning of the interaction times between the 
field and probe atoms. In Appendix [C] we show how 
the atomic which-path information can be exploited in 
order to accomplish photon-number measurements that 
require non holonomous constraints. 



IV. ORTHOGONALITY OF THE OUTGOING 
ATOMIC WAVEPACKETS AND WHICH-PATH 
INFORMATION 

In this section, we discuss in more details the features 
of the translational states introduced in Eq. (| 14[) and the 
conditions for which path information to be accessible. 

In the nodal case, using Eqs. ©, (J9|), ^ and (fT4]) . 
the outgoing translational wavepackets j^,) take the 
form 



£ 2 fc 2 

exp [in, 



12m 



(n + l)ti) 



■ exp[^iefcvn+Tti (£1 



Pi 
2m 



h)} bi(0)) 



(23) 



and 



l< 2 ) 



u 



(n,±) 
N,2 



MO)) 

exp{=pze/c-\A^ 

. exp [^fA( n + l)(i 3 - fa )3] (^(O)) . (24) 
12m 



[Pn( T ) ~Pn ( T )Y 



(26) 



with 



Q n (r) 

Xn( T ) 

Pt(r) 



= 2ke\/n + 1 (x + — r 
V 2m 



= £0 



Po 



hk 



— r =F — — \Jn + 1 - 



m 2m 
Po =F hke^/n 



It. 



(27) 

(28) 
(29) 



Here po stands for the initial average momentum. The 
above equations show that wavepackets |<5+) and |$^) 
respectively represent negatively and positively deflected 
components of the input wavepacket, the deflection get- 
ting larger as n and/or the atom-cavity interaction time 
t grow. This is the reason why, when the interaction 
time of each atom with the cavity is large enough, which- 
path information becomes accessible so that the quantum 
paths associated with states |<E>^) can be distinguished 
(see Sec. Illlj) ■ In order to better illustrate such ef- 
fect, we consider an atom of mass m = 10 -26 kg enter- 
ing a microwave cavity in a nodal region. Assume that 
the initial translational state of the atom is a Gaussian 
wavepacket of width a x = A/10 (A = 2n/k = 10 _5 m) 
with xq = po = and that the atom-field coupling con- 
stant £ = 10 5 sec -1 . The resulting quantum paths Z ± 
associated with wavepackets (i- c - those involved in 

the teleportation scheme) are shown in Fig. 2 together 
with their widths cr;± (i.e. the standard deviations of 
K^I^q } | 2 ) as functions of the rescaled atom-cavity in- 
teraction time et. Notice that the deflection of the two 
outgoing paths increase as et is raised up to the point 
that for atom-cavity interaction times larger than ~ 6/e 
the two paths can be reliably distinguished through po- 
sition measurements. Even fewer Rabi oscillations are 
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FIG. 2: (Color online) Quantum paths l + ± er ; + and l~ ± 
a t - , associated with wavepackets (^J), versus the rescaled 
atom-cavity interaction time sr. The parameters used are: 
A = l(T 5 m, e = 10 s sec" 1 , m = 10" 26 kg, a x = A/10 and 
xo — po = 0. 



atomic position associated with each path (~ 6/e). The 
reason of such behaviour is that, according to Eq. (|26p . 
the damping of ($^"|$q ) is due to the trajectories in both 
the position and momentum space. This suggests that 
momentum, rather than position, measurements might 
be more suitable in order to acquire the which-path infor- 
mation for some values of the parameters. Property (|20|) 
holds in the antinodal case as well. Indeed, using Eqs. 
©, ©, ([TD]| and dHJ), it turns out that, analogously to 
the nodal case, each scalar product ($+|$~)(r) is al- 
ways proportional to a damping factor. For instance, in 
the case n = 1 it can be calculated as [2(| 

($+(t)|$7(t)) = e ^e^ (a?+b?) ^W . 

^ tanh(u;or)[(a^ — 6^)(l+cos(2ct;oT))+2aibi sin(2a?oT)] 

y/ cosh^or) 

^— tanh(u>o'7") [a\b\ (1 — cos(2ljo'?")) + ^ ( a i — ^i) sin(2u;o' r )] 

tx [1 — ■ exp {-2al(io Q T) 2 } {lu t < 1) 



needed in order for the orthogonality of |$q") and |$q ) 
to be achieved. This is shown in Fig. [3] where the distin- 
guishability D, according to the Englert's definition [3^ |. 
is plotted as a function of sr. In the present case, D take 
the form [24[ 

D = y(l-|<*+|* -)| 2 ). (30) 
Notice that D > 95% already for er > 1.2. The 




FIG. 3: (Color online) Distinguishability D as a function of 
the rescaled atom-cavity interaction time er. When D — 
1 the which-path information is completely accessible. The 
parameters used are: A = 10~ 5 m, e = 10 5 sec -1 , m = 10~ 26 
kg, a x = A/10 and x — p = 0. 

scalar product I^cT) therefore takes less time to van- 
ish (~ 1-2/e) than that required for distinguishing the 



where Wq = (hk 2 /me), a\ = Xq^J rmJo/2h and b\ = 
(j> /^y2mhujo). As in the nodal case, the damping fac- 
tor is due to the increasing distance in the phase space 
of the deflected components of the incoming wavepacket 



V. CONCLUSIONS 

In this paper we have presented a scheme for condi- 
tionally teleporting an unknown quantum state between 
two atoms interacting in succession with the same cav- 
ity mode within the optical Stern-Gerlach model. Such 
model, to be regarded as a generalization of the famil- 
iar Jaynes-Cummings Hamiltonian, allows to account for 
the atomic translational dynamics. The inclusion of such 
dynamics yields the well-known splitting of the wavefunc- 
tion of a flying atom into a set of deflected wavepackets. 
Such phenomenon could be expected to have a negative 
effect on quantum information processing tasks. Indeed, 
it is known to spoil the non-local correlations between 
two atoms which successively interact with the same cav- 
ity mode [25], [2^. Nonetheless, in this work we have 
shown how exactly the above-mentioned splitting can be 
fruitfully exploited in order for the atomic translational 
degrees of freedom to behave as channels allowing effi- 
cient transmission of quantum information. 

Both in the nodal and antinodal case, we have shown 
that successful teleportation can be obtained with prob- 
ability 1/2 by measuring the number of cavity photons, 
the internal state of atom 2 and the position of the two 
atoms once they are out of the cavity. The teleporta- 
tion protocol can be therefore implemented through local 
operations. No direct Bell-state measurements are thus 
necessary in our scheme. 
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The essential requirement for our protocol to work is 
that the time of flight of each atom inside the cavity is 
sufficiently long in order which-path information to be- 
come accessible. Indeed, the initial wavepacket of each 
atom splits into a set of outgoing deflected wavepackets 
which turn out to be orthogonal, and thus distinguish- 
able, provided the atom-cavity interaction time is large 
enough. Significantly, unlike previous proposals in cavity 
QED that do not require direct Bell-state measurements, 
this implies a non holonomous constraint on the atom- 
cavity interaction times. No precise tuning of the atomic 
flight times inside the cavity is thus needed. 

Nonetheless, it should be observed that, in addition, 
the atom-cavity interaction times must be short enough 
in order for the lowest-order approximation of the inter- 
action Hamiltonian [Eqs. ^ and Q] to hold for the 
whole time of flight of each atom in the cavity. However, 
this is not a strong constraint. Interaction times of the 
order of a few Rabi oscillations are indeed enough for a 
which-path information to be accessed (see the numerical 
example of Fig. 2 where 6 Rabi oscillations are enough). 

To prevent decoherence effects due to the cavity mode 
damping, it is of course required the total time of the 
process £3 to be shorter than the cavity coherence time r c . 
The time t 3 can be written as t 3 — ri + (t 2 — ti)+T 2 , where 
Ti is the atom-field interaction time for the ith atom and 
(t 2 — ti) represents the time between the exit of atom 
I and the entering of atom 2. Since our protocol does 
not depend on (t 2 — ii) such time can be made as small 
as allowed by the experimental capabilities. It follows 
that for all practical purposes it is enough to require that 
ti + T2 <C t c . As pointed out above, each is required 
to be larger than a few Rabi oscillations. This also yields 
a lower bound for r c that can be however achieved with 
present-day technology (see e.g. [1, [H], HH, [H, H3, [H, 

Furthermore, notice that, even though the first and 
the second atom can be found into, respectively, two and 
five quantum paths, it is enough to measure only two 
paths for each atom (if associated with j^i)) in order 
to teleport the initial state of atom 2 into atom 1. As 
emphasized in Sec. IIII1 the labeling of such two paths is 
irrelevant given that it is enough to know only whether 
the atoms are found in the same path or not. In the 
latter case, the teleportation can be finalized after a 180 
degree rotation around the z-axis. 

Regarding the position measurements of each atom, 
these should be performed in such a way not to affect its 
internal state in the computational space {\g} , |e)}. This 
could be accomplished by sending light on the atom of 



wavelength suitable to excite an atomic transition differ- 
ent from \g) <-*■ |e). 

Finally, this work opens the possibility of exploiting the 
atomic translational degrees of freedom in cavity QED 
in order to perform other typical quantum information 
processing tasks, such as the generation of maximally 
entangled states. 
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APPENDIX A: DERIVATION OF THE FINAL 
STATE 

In this Appendix, we describe the procedure for ob- 
taining the state of the system \^{t>t 3 )) [Eq. (fTB]) ] 
after that both the atoms have exited the cavity. Ac- 
cording to Eq. ([5]), such state can be obtained through 
the successive application of operators U a _i and U a , 2 on 
|*(0)) [Eq. (H2)]. We first rewrite the initial state |*(0)) 
[Eq. ([12]) ] in terms of the dressed states of atom 1 by 
expressing |ei) |0) as a linear combination of | Xo~i ) an d 

|Xai)' This y ields 



l*(0)> 



M0))|xai) + l^i(0))|xo,i) ' 
V2 



M0))|a 2 ). 
(Al) 

We now let U a ,i act on the initial state (jAip to get | "J/ 1 )) 
(i. e. the state of the system after that atom 1 has exited 
the cavity). By using (|15[) . we obtain 



|*(t0) = u ail \*(p)) = 

I*m) \xq,i) + |$o.i) |x^i) 
V2 



M0)>|a 2 >. 

(A2) 



Since in the time interval between t\ and t 2 , according 
to Eqs. © and ©, H^(t) = (a = N, A), it turns out 
that |*(t 2 )) = Before applying U a>2 to |*(i 2 )) 

to get |\&(t3)), it is convenient to rearrange | ^1/ (^2 ) } as an 
expansion in the cavity field Fock states as 



Mh)) = |*(tx)) = 



|*o+i) + 1*0,1) , , |*o+i) -|*o,i) 



ei 



lffi>|l> 



1*2(0)} 



cos - \e 2 ) + sin - \g 2 ) 



(A3) 



Expanding each state \g 2 ) \n) and \e 2 ) \n) in Eq. (|A3|) in and |xi 2) an d; once U a , 2 is applied to \^(t 2 )) with the 
terms of \g 2 ) |0) and of the dressed states atom 2 \xt 2 ) 
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help of Eq. (| 1 5 [) . the final state of Eq. (p~6|) is obtained. 

APPENDIX B: INSIGHT INTO THE 
MECHANISM BEHIND THE SCHEME 

In the present proposal, quantum information is trans- 
ferred from atom 2 to atom 1 by using a three-partite 



continuous-variable (CV) ancillary system that consists 
of the translational degrees of freedom of both the atoms 
and the cavity field. Immediately before atom 2 enters 
the cavity, the state of the system ^(i^), obtained un- 
der application of U a> i onto the initial state (fT2|) [cfr. 
Eq. (|A2|) in Appendix A], can be put in the form 



l*(fe)> 



MO)) 

2\/2 



(IXo^) K> - \xtfl) |*o,i) °* l«i> - |Xo,a> |*oj) a * + |xo,2> |*o,i> l«i) 



+ |^ 2 ) ® x l"i> - |*o,i> + ko,2> |*(ti) ia v l Q i> - 1^2) |*o,i) ia v K» > ( B1 ) 

I 



where \^ 2 ) = (l e 2) |1) ^ I #2) |0))/\/2 are maximally en- 
tangled states between the internal degrees of freedom of 
atom 2 and the cavity field. Notice that the first line of 
Eq. (jBip contains terms proportional to cither 1 92) |1) or 
\ez) |0), whereas the states appearing in the second line 
involve either \g 2 ) |0) or |e 2 ) |1). First, the structure of 
state (jBip shows that, similarly to what has been pointed 
out in Ref. [ijj], successful teleportation can, in princi- 
ple, be achieved with probability 1. Indeed, provided the 
interaction time n between the atom 1 and the cavity is 
large enough that which-path information becomes acces- 
sible, $0 1) an d l^o 1) become orthogonal [cfr. Sec. IIIIl 



Eq. Therefore the states |xo, 2 ) 



*S.i 



2) 



I S0,2 

(i], rf =±), each multiplying |ai) or aj |ai) (j = x, y, z), 
form an orthonormal set. However, direct projections 
onto maximally entangled states jxo^) an d l^o^) are ex ~ 
pected to be non trivial. In addition, notice that, even 
assuming the feasibility of a direct measurement of these 
states, this would not be sufficient to complete the tele- 
portation since states need to be measured as well. 
For instance, the first two terms in the right-hand side 
of Eq. (jBip show that, without measuring the position 
of atom 1, a measurement outcome jxo^) does not suf- 
fice to conclude whether or not a 7r-rotation around the 
z-axis has to be applied to complete the teleportation: 
if atom 1 is found in path this rotation needs to be 
performed, whereas if atom 1 is found in path if it is not 
required. Furthermore, notice that, unlike in the scheme 

of Ref. [3, each state |xo >2 ) $o'i) and ^0,2) *o!i) is 
not entangled with respect to the internal variables of 
the atom to be teleported (i.e. atom 1) and the transla- 
tional degrees of freedom of both atoms (i.e. part of the 
ancilla). Finally, we point out that, at this stage, trans- 
lational degrees of freedom of atom 2 do not play any 
role, yet [notice the common factor \if 2 (0)) in Eq. (jBip ] 
The difficulty of projecting onto entangled states is 
overcome by applying the second unitary transformation 
U a ,2- Translational degrees of freedom of atom 2 are now 
involved. Using Eq. (fT5j) . the application of L/ Qj2 in fact 



accomplishes the following mapping 

u aa \xh) MO)) |<)Hxo, 2 ) WI2) 



(B2) 



u a , 2 \a 2 ) mo)) 



V2 



\92)\0) Mo)) 



+ 2(\xt,2)M,2) + \xI,2)\<S>i,2)) 

We see that the second unitary transformation U a ,2 
leaves the states |x 02 ) unchanged, but, noticeably, at- 
taches a different wavepacket j'&o^) °f a tom 2 to each 
of them. As |x ', 2 ) = (|e 2 ) |0) ± \g) |l))/\/2 and looking 
at the first line of Eq. (jBip . it is clear that now distin- 
guishing between |xo~2) an d |Xo 2) i s no l° n g er required 
to complete the teleportation. In order to assess whether 
or not a rotation a z has to be applied, it is sufficient to 
acquire information about the positions of the two atoms. 
If they are found in paths of equal signs the teleportation 
is completed already, whereas in the case of paths with 
opposite signs a further application of a z is needed. 

The same phenomenon does not occur for states ap- 
pearing in the second line of Eq. (jBip due to mapping 
(|B3p . Indeed, the application of J7 a>2 changes both the 
atom-field maximally entangled states |£o~2) an d |£o~2) 
yielding terms proportional to either (a x + icr y ) \ai) = 
2 cos § \gi) or (a x - ia y ) |a x ) = 2e i f sin § |ei). No tele- 
portation is therefore achievable in this case. 

In summary, as the four terms proportional to states 
IX02) or |Xo~2) m Eq. (jBip are those contributing to 
successful teleportation, their common factor (2V2)- 1 
yields that the probability of success of the scheme is 
1/2. 



APPENDIX C: PHOTON-NUMBER 
MEASUREMENTS 

In this Appendix, we present a method to perform the 
necessary photon-number measurements required by our 
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teleportation protocol. This task is achieved through po- 
sition measurements of a third probe atom p. 

To complete the protocol, we need to detect the cavity- 
field Fock states |0) and |1) at t > t 3 (see Sec. Ill, Table 1 
and Fig. 1). According to the initial state (fT2)) and due 
to the conservation of the free energy Xh=i 2 &*>i + a ^ a ' 
the final state in Eq. ([lrj)) at t > £3 has the form 

M*3)> = E (ci) 

n=0,2 

where |c„) 12 are states belonging to the overall Hilbcrt 
space of atoms 1 and 2. 

Assume that at t > £3 the probe atom p is sent through 
the cavity in the ground state \g p ) and translational 
wavepacket |y> p (0)), and that it interacts with the field 
for a time t p . As p exits the cavity, the final state of the 
total system has the form 

l*(*3 + r P )) = £ |c„) 12 [E/ Q , p |^ p (0)) | 5p > |n>] , (C2) 

n=0,2 

where the evolution operator associated with the atom 
p- field dynamics C/ QiP has a form analogous to Eq. © 
(the integration bounds in this case are obviously £3 and 
t p ). By using Eq. (TT5|) . each state |</> P (0)) |g p ) |n) in the 
right-hand side of Eq. (|C2[) . once expressed in terms of 

the dressed states \xn, P ) = (l e p) I 71 ) i Iffp) l n + 1)) /v2, 
transforms according to 

|Vp(0)) | 5p ) |0) = |vjp(0)) |«/p) |0> , (C3) 

^IM0))| 9 p}|l)= l<>l4J J° )kp) , (C4) 

|y P (o)) Igp) 12) = K>l*kH«r)l*r.,) . (C5) 



Therefore, the unitary operator U a>p in fact maps the 
Fock states |0), |1) and |2) into the orthogonal evolved 
states (|C3j) . (|C4j) and (|C5j) . respectively. A position mea- 
surement of the probe atom, in general, cannot distin- 
guish such states since the wavefunctions |i^(0)),|$J(x)) 
and |$f (xj) do not form an orthogonal set. However, 
provided the interaction time er p is large enough, these 
translational states have a negligible overlap according to 



K-M°)l^) = o, (ce) 

Iim^^l^HO, (C7) 



with n = 0, 1,2, ... and 77,77' = ±. Notice that property 
([2"0| is a particular case of Eq. (|C7[) . 



When the probe atom interacts with the cavity field 
in a nodal region properties (|C6j) and (|C7j) are explain- 
able as due to the fact that each translational wavepacket 
|$^) has an associated acceleration along the x-cavity 
axis 0% that depends on both n and 77 according to 
al[ = — ao T)Vn + 1 [ a o = (fifce/TO)]f23j. Therefore, pro- 
vided r p is large enough, the wavepackets |$^) become 
mutually distinguishable [23l | . 
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